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Multi-photon states can be produced in multiple parametric down conversion (PDC) processes. 
The nonlinear crystal in such a case is pumped with high power. In theory, the more populated 
these states are, the deeper is the conflict with local realistic description. However, the interference 
contrast in multi-photon PDC experiments can be quite low for high pumping. We show how the 
contrast can be improved. The idea employs currently accessible optical devices, the multiport beam 
splitters. They are capable of splitting the incoming light in one input mode to M output modes. 
Our scheme works as a POVM filter. It may provide a feasible CHSH-Bell inequality test, and thus 
can be useful in e.g. schemes reducing communication complexity. 
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I. INTRODUCTION 

Quantum interference results from the superposition 
principle, the key feature of the quantum world. The 
possibility of increasing the average photon population 
of experimentally accessible quantum states of light and 
their superpositions, poses an intriguing question: how to 
observe quantum interference for light on the mesoscopic 
scale? Multi-photon interference allows to test funda- 
mental aspects of quantum mechanics and finds applica- 
tions in quantum information processing [l|, 0] . 

Multi-photon states naturally arise in parametric fre- 
quency down conversion (PDC) with strong pumping Q. 
PDC is the power horse of quantum optics in generation 
of quantum light. It is a spontaneous process, in which a 
blue photon from a pumping laser is split by a x^^^ non- 
linear crystal into a pair of lower energetic entangled red 
photons. For the low pump power, to a good approxi- 
mation, the type-II PDC output is a two-photon polar- 
ization singlet state. In this regime, PDC-based light 
sources provide a very good higher-order quantum inter- 
ference contrast allowing e.g., to falsify the Leggett-type 
model with non-local hidden variables As the power 
of the pump is increased, more entangled pairs can be 
created simultaneously from a single pump pulse giving 
rise to multi-photon states. It is then possible to gen- 
erate, for example, Dicke states d, Q, which were real- 
ized up to 6 photons, or bright squeezed entangled vac- 
uum 0, containing from few up to 10^"^ photons on 
average. Probing quantum properties of these states is 
subtle On the one hand, their multi-photon na- 

ture puts them in a deeper conflict with local realistic 
description [T2| . On the other, high pumping power fun- 
damentally impairs their interference contrast [isj (e.g. 



reduces the Hong-Ou-Mandel dip [ij]), making the ob- 
servation of non-classical phenomena difficult. 

Here we show a method to boost the interferometric 
contrast. We consider a typical scheme for a Bell in- 
equality test. It involves multiport beam splitters [l^. 
A multiport beam splitter is an optical device, which is 
capable of splitting the light in one input mode, to M 
spatial output modes. The simplest example of a mul- 
tiport is a 50 : 50 beam splitter. Multiports can be re- 
alized with integrated optics [l^. The idea that lies be- 
hind our scheme is related to time-multiplexing in optical 
fibers 0, HH, but here we multiplex spatial modes. Ef- 
fectively, it works as a POVM (positive operator valued 
measure) filter on the input state and projects it onto a 
subspace of a two-photon singlet state. 

In Section we introduce the multi-photon states 
emerging from PDC and analyze their visibilities in terms 
of two detection schemes: analog detection and single 
photon counting. In the next two sections we discuss 
schemes which allow to increase the interference contrast. 
In Section lTTTl we discuss an interferometer which employs 
a beam splitter and a hybrid detection strategy. Section 
IIVI is devoted to an interferometer involving a multiport 
and the photon counting detection only. 



II. STATISTICAL PROPERTIES OF THE PDC 
RADIATION VERSUS LOCAL REALISM 

Quantum nature of correlations of light may be re- 
vealed by quantum interference if its visibility is greater 
than certain threshold value [l^, [l^l- In particular, to 
show a conflict between classical description and pre- 
dictions of quantum mechanics for a two-photon singlet 
state using CHSH-Bell inequality [2l| , visibility (interfer- 
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FIG. 1: Interferometric scheme employed for Bell inequality 
testing with polarization entanglement and one of the two 
detection techniques: linear efficiency (D) and "on-off" de- 
tection (T). 



ometric contrast) in coincidence counts should be greater 
than the critical value Vcrit = i/V^- It is so far not 
known what is the exact threshold value for visibility for 
the multi-photon states to violate a Bell inequality. What 
is known however, is that all non-classical effects, includ- 
ing violation of any Bell inequality, require high visibility. 
In multi-photon PDC experiments visibility may be im- 
paired by fundamental properties of the emission process 
(production of additional pairs of photons) and misalign- 
ment [U, . The measured value of visibility depends 
on the applied photodetection technique. In our consid- 
erations we take the value of visibility Vcrit = l/\/2 as 
a benchmark of nonclassicality, without claiming the im- 
possibility of local realistic description of the state. 

To illustrate the effect of the deteriorated visibility, let 
us discuss the interferometer in Fig. [TJ This configura- 
tion is also a standard Bell-type experiment involving one 
source. We consider a non collinear PDC process with 
type II phase matching approximately described by the 
Hamiltonian 



H — ig{a^^by — flyfo^) + h.c. 



(1) 



where g is the coupling constant proportional to pump 
power and second-order nonlinearity of the crystal. The 
photons are emitted in linear polarization H (horizontal) 
and V (vertical) into two spatial modes described by cre- 
ation operators and 6^ . The unitary evolution operator 
U{t) = cxpliHt} gives the following state evolution 



U{t)\0) = e*'"*|0) = e-^'^''^»''v-''l'>H-^^-^-)\0) 
1 



cosh K 



,tanh K{a^^bl,)^- tanh if(a[,b}f ) ^ ^2) 



The "disentanglig theorem" [23] is used between the first 
and the second line in Eq. ([2]), and K — gt where t is 
the effective interaction time in the crystal. If the pump- 
crystal coupling is weak, i.e. approximately one pump 
photon out of 10^ is successfully down-converted, it is 
tempting to use the first-order perturbation expansion. 
The output state in Eq. ([2l) is a superposition of vacuum 
and two maximally entangled photons 

ivi/)^io)+if-^(ii)fii)r-ii)rii>f)- (3) 

This approximation leads to statistically independent 
emissions of pairs of entangled photons. However, for 



stronger pumping this description turns out to be over- 
simplified. If the pump power is very high, PDC works 
as an optimal quantum cloning machine based on optical 
amplification. The higher-order terms in the expansion 
of unitary evolution operator are important. The result- 
ing output state is called entangled bright squeezed vac- 
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-^^V^^tanh"i^|^^")), (4) 
cosh K 

n—O 
1 " 

IVL"^) = ^= ^ {-ir\n - m)f |m)r|m)f In - m)l , 

where IV'!-''') is an analog of a singlet state of two spin-J- 
particles. For small gain K, Eq. (|4]) approaches Eq. Q 
(only n,m = 0,1 contribute). It is interesting to note 
that (see Eq. ([2])) \'^) is given by a product of two two- 
mode entangled squeezed vacua 

|*) = |*l)®|*2), (5) 

l*i)-;:;;XlFEtanh"i^|n)f|n)r, 



- ^3717 E(-irtanh"if|m)r|m)f . 



coshii' 

m=0 

In a usual Bell test, the state given in Eq. (jj]) is sub- 
jected to polarization rotations (j)a and (f>b- In our analysis 
we shall consider only elliptic polarization measurements 
for which the annihilation operators a± and b± of pho- 
tons in the modes observed by the detectors are expressed 
in terms of the input annihilation operators as follows 



V2' 



V2' 



(6) 



In the following subsections, we will calculate values of 
visibilities for various interference experiments, consider- 
ing two photodetection techniques. 



A. Linear efficiency detection 

We will start our discussion with linear efficiency de- 
vices, i.e. analog detectors. These are PIN-diodes and 
photomultipliers adjusted to work in such a regime. They 
are described in terms of the standard photodetection 
theory, based on the photoelectric effect. Namely, they 
are measuring electron photocurrent and detector's out- 
put is a continuous variable, proportional to the intensity 
of impinging light. As a result, they give intensity of in- 
coming light integrated over detection time. Probability 
of joint detection by two detectors Da+ and Di,^ in Fig. [T] 
equals 

P(^a+,A+I0a,0b) (x??(^'|:AAa^AAb^:|*), (7) 
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where ij is an overall detection efSciency, Mx is photon 
number operator for mode x and the second-order corre- 
lation function G'^-* (a+, 6+) reads 

G(2)(a+,6+) = (*|:A/;^A/-b^:|4') (8) 
= sinh^ K (sinh^ K + cosh^ if sin2(A/2)) , 

where A — (j)a For details of the calculation see 

Appendix A or We turn G*-^' into the normal- 

ized second-order coherence g^^^ = G'^^^ / {{Afa+) {Mb+)) 
to compare our results with known results in literature. 
For I*) we have (7Vq+) = {Mb+) = sinh^ X and in this 
case 



i(2) = 



= 1 + sin2(A/2) 



1 



sinh K 



sin2(A/2). (9) 



If A = TT, the modes a+ and 6+ carry orthogonal polariza- 
tions. Since such polarizations were initially correlated, 
see Eq. (O, e.g. an and by, g^^^ takes the maximal value 



(2) 

Qmax 



2 + 



sinh^ K 



If A = 0, the modes carry the 



same polarization and since such parallel polarizations 
were not correlated, e.g. modes an and Bh were indepen- 
dent, (7(2) takes the minimal value = 1. Therefore, 
the second-order interference visibility reads 



V2 



(2) 
Qmax 



(2) 
9min 



(2) 
Qmax 



(2) 
9min 



1 + 2 tanli K 



(10) 



We show the dependence of the visibility on the ampli- 
fication gain K in Fig. [2] For small values of K — > 0, 
visibility approaches unity, the value for a two-photon 
singlet state. The full analogy with a two-photon singlet 
state indicates that the two modes can be perfectly dis- 
tinguished locally, but the system maintains a superpo- 
sition between these states. If the intensity of the pump- 
ing power increases, higher order emissions appear and 
the visibility decreases. The critical value of gain, above 
which visibility is not sufficient to violate the CHSH in- 
equality equals Kcrit — 0.49. This corresponds to the 
average photon number in emissions equal to 0.26. For 
this value, probability that the source emits exactly one 
pair of photons reads 0.13. For large K, the visibility 
approaches 1/3. This is the value for a thermal state. 



B. "On-ofF" binary detection 

Now, we consider a photon counting detector, which is 
denoted in Fig. [T] by T. Usually, these are avalanche pho- 
todiodes, but photomultiplier may work in this regime 
as well. Such detector gets saturated already by a sin- 
gle photon input and has high quantum efficiency. Thus, 
effectively it discriminates only between vacuum |0) and 
non- vacuum input by a click. In principle, it is described 
by a POVM of the form 



(11) 



FIG. 2: Visibilities as functions of amplification gain K for 
linear efficiency (dashed line) and for "on-off" detection (solid 
line). Horizontal lines represent critical value of visibility 
l/\/2, above which violation of CHSH inequality is obtained, 
and 1/3, visibility obtained for thermal state. 



The unit operator is 1 = X^^^o where |n) denotes 

the photon number Fock state with n photons in the 
observed mode. 

In this model, probability that the detector will click 
is 1, if there is at least one photon in the mode observed 
by the detector. Probability of joint detection by two 
detectors Ta^ and Tf,^ 



in Fig. [T] equals 



P{Ta+,TbJ(l3a,(l)b) 



J2 E \(p^j^k,i\^f)±\\ 



(12) 



where \p, j, k, I) denotes p, j, k, I photons in modes emerg- 
ing from polarization analyzers a+, a_, 6+ and b- re- 
spectively, and |\E')± is the state I^E") expressed in this 
new polarization basis. One has 



p=l 



1 



1 



cosr K cosh'' K 1 - tanh^ K sin^ (A/2) 



(13) 



The details of the calculation are given in Appendix B. 
Using the same method as for Eq. ((TU]), we evaluated 
visibility by obtaining pmax and Pmin 



Vo 



1 



2 cosh^ K ~ 1 



(14) 



We compared visibilities obtained with the linear effi- 
ciency and binary detections in Fig. [2] For the latter, 
visibility decreases in presence of higher-number contri- 
butions even faster than for linear devices. For K > 0.44, 
CHSH inequality violation is impossible. This result is 
not surprising at all, since the strategy based on apply- 
ing detection designed for single photon counting to high 
intensities cannot work. However, we will show in the 
following Sections, that binary detection combined with 
multiports is a well-designed measurement approach and 
outperforms other strategies for multi-photon states. 
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FIG. 3: Probability p of joint detection by two detectors Ta^ 
and in Fig. [T] for Js' = 0.5 (solid line), K = \ (dashed 
line) and A' = 1.5 (dotted line). 




FIG. 4: Scheme of Fig. [l]modified. Beam splitters coherently 
tap the input multi-photon state. 

Note that the interference curve of Eq. (fT3|) is not a 
sinusoidal one. Examples of p as a function of A are 
given in Fig. [3] 

III. HYBRID DETECTION STRATEGY 

Let us modify the setup shown in Fig. [T] by combin- 
ing the "on-off" detection with photon number measure- 
ments. Our new scheme is shown in Fig. |4l Two spatial 
modes a and h of state \^) impinge on the asymmetric 
beam splitters (BS) with equal transmitivity coefficients 
T ^ 1. Since each mode contains two polarizations, mu- 
tually orthogonal, BS acts independently on these polar- 
izations. For example, spatial mode is split into two 
modes as follows 

ai = \fTa\.i + Vl - Ta2,i, (15) 

where i = H,V . One has a similar relation for mode 
b. The reflected beams a2 and 62 (both containing H 
and V polarizations) are sent to the "on-off" detectors, 
denoted by Ta and Tt, respectively. These detectors con- 
ditionally project the incoming state. For this reason, 
our new scheme still works coherently and BSs do not 
introduce neither losses nor mixing of the initial state. 
We focus on these events where the detectors Ta and 
do not register photons (the incoming intensity is zero). 
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FIG. 5; Visibilities as functions of amplification gain K for 
several values of transmitivity. t — 1 (dashed line) corre- 
sponds to the case discussed in Section IIA. For smaller val- 
ues T = {I/V2- l/2)^/^ 1/3, 1/10 (solid lines enumerated 
upwards) visibility is improved and exceeds the critical value 
of I/V2 (the upper horizontal dotted line), above which vi- 
olation of CHSH inequality is obtained. The lower horizon- 
tal dotted line represents visibility obtained for thermal state 
equal 1/3. 

The transmitted beams are sent through polarization an- 
alyzers, according to transformation in Eq. ([6|), and their 
state reads 

\'i'r) = ^TT^f2V^{rtanhKr\tP^J^^), (16) 
cosh 

where N = cosh^ K{1 — tanh'^ K) is a new normaliza- 
tion constant. Now, we measure the second-order cor- 
relation function G^'^\ai^,bi^) between modes ai^ and 
using linear efficiency detection Da^ and -Dt^, m 
the same manner as described in Section IIA. We also 
calculate G'*^^^(ai^,6i^) as we did in Section IIA for the 
state given in Eq. (U). Since the state \'^r) is a slight 
modification of the state j^*), it is easy to see that the 
visibility for j^*^) equals 



^ l + 2T2tanh2/s:' 

The visibility as a function of amplification gain K 
is shown in Fig. [S] for several values of transmitivity: 
T = 1,(1/V2- 1/2)1/2,1/3,1/10. We observe large im- 
provement of the interference contrast with respect to 
the cases discussed in Fig. [5J This effect is present also 
for very high K. If Tcrit = (1/^2 - l/2)l/^ the visibil- 
ity exceeds and asymptotically approaches 1/V2. For all 
T < Tcrit, visibility exceeds this value for all K. 

IV. FILTERING BY MULTIPORTS 

An increased interference visibility can be also ob- 
tained using multiport BS [26] (instead of asymmetric 
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FIG. 6: Multiport splits incoming multi-photon beam into M 

spatial beams. 0.2 - 



BS) and "on-off" detection only, see Fig. [S] The action 
of a multiport can be thought of as "spatial multiplex- 
ing" and thus is similar in its spirit to time-multiplexing 
used in optical fibers fl?', Ts'] . There, the incident multi- 
photon pulse is split into many pulses with smaller am- 
plitudes, displaced in time more than the dead time of 
the detector located at the end of the fiber. In case of 
a multiport, the beam is split into spatial modes, each 
being input to a separate detector. Ideally, each mode 
contains not more than a single photon. 

The relation between the transmitivity r of the asym- 
metric BS from Fig.|3]and the number of ports in a multi- 
port beam splitter M is given by r = 1/M. For instance, 
the spatial mode is split into M different modes as 
follows 



1 



'M 



a2„ 



(18) 



where p — H,V and similarly for mode b. Next, all modes 
tti^ and feip with i ~ 0, .., M, are subjected to polarization 
rotation given in Eq. ([6]) . We take into account only such 
events where only one detector at each side, T^.^ and 
T},.^, clicks (there are JVP such events) and we discard 
all multiple counts at each side. The total probability to 
have single clicks at detectors observing the -|- outputs of 
the polarization analyzers equals 



Pm 



M 

E 



(19) 



FIG. 7: Visibilities as functions of amplification gain K for 
several multiports. M = 1 (dashed line) corresponds to the 
case discussed in Section IIA. For multiports M — 2, 3, 5 
(solid lines enumerated upwards) visibility is improved and 
exceeds the critical value of I/V2 (horizontal dotted line), 
above which violation of CHSH inequality is obtained. 



minimal for A = and thus, the visibility reads 



1 



tanh^ K 
■j^ tanh^ K ' 



(21) 



The visibility as a function of amplification gain is 
shown in Fig. [7] for several multiports M = 1,2, 3, 5. We 
observe significant increase in the interference contrast 
with respect to the case where no conditional prepara- 
tion of the state takes place. 

There is a physical explanation of this result. It also 
applies to the result presented in Section III. We notice 
that the probability pm may be expressed as follows 



Pm 



Etanh" K , , c„v 

n=l 



(22) 



where N' is the normalization, E denotes summation over 
p,k = 1, 00 and j,l = 0, 00. The summation over n 
may be split in the following way 



Since all probabilities in the above sum have the same 
value Pm = M'^p{Tai+,Tb^+\(l>a,(t>b)- The form of the 
state \^) after passing the multiport and conditioned 
on detection of vacuum in modes a2_|_ , a2_ aM+ , aM_ 
and 62+,&2_---,&M+,J'M_ is given in Eq. ([16]), but 
with T replaced by 1/M. Thus, we obtain pM = 



PM' 



1-21 



tanh^ K 



tanh^ K 



tanh'' K 



sin2(A/2) 



tanhifl^'(i)) 



Ji=2 



' tanh" K- 



1 



(23) 



If Af ^ 00 only the firs term survives. It means that only 
creation of single pairs contributes to the probability of 
coincidences in case of large multiport. Effectively, it 
behaves like a POVM, which projects the multi-photon 
state on a two-photon singlet state subspace. 



V. CONCLUSIONS 



The maximal value of pM is obtained for A 



(20) We have considered the possibility of obtaining the 
high interference contrast for the multi-photon states 
7r/2 and of light. Such states are produced in parametric down 
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conversion process with strong pumping, thus they are 
very common and easily accessible non-classical states of 
photons. In the weak pumping regime, the interference 
visibility is high enough to obtain violation of Bell in- 
equality. For the highly populated states, the conflict 
between local-realistic and quantum mechanical descrip- 
tion is deeper, but inefficient photodetection techniques 
limit possibility of its observation. We showed that mul- 
tiport beam splitters can be used to increase the visibil- 
ity up to CHSH-Bell inequality violation in combination 
with both commonly used detection techniques: the ana- 
log and the photon counting devices. Effectively, they 
filter the two-photon singlet component out of the multi- 
photon state. Our scheme may be used for quantum 
state engineering which eliminates higher-number pho- 
ton contributions. While in Ref. [26] it was demonstrated 
that niultiports are useful for Bell tests involving high- 
dimensional systems, we have demonstrated that they 
can also be handy in standard interference experiments. 



Acknowledgments 



compute 

SlanSi = CKaH + SKby, Sla^^Si = cko^jj + srW, 
SlavS2 = CKav ~ sxh^'f^, SlalrS2 = cxalr ~ skBh, 
SlbvSi = CKbv + sko^h^ S\b\rSi = cxfoj) + sxan, 
SlbHS2 = CRbn - SKdy, SlbljS2 = cxblf - SKay, 

where ck — cosh if and sk — sinh_R'. The contributing 
terms in the product are 



bv{cKaH + SKby) - bnicKav - snblf) 



+ e'-'^°-bv{cKav - SKb^) 
2sK - CKalrb^ff + cko^h^I, 



bnicKan + axby) 



+ e'^'cKa^HbH-e-'^'cKalbl 



|0), 



which after evaluating the products gives directly Eq. ([5]) . 
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VI. APPENDIX A 

Here we show how Eq. ([5]) was derived. First, we note 
that the state in Eq. can be expressed in terms of 
action of two squeezing operations on vacuum 

I*) = 5|0) =5i52|0), (24) 

51 = cxp{-K{a''fjb\, - h.c.)}, (25) 

52 = cxp{K{alb^H-h.c.)}. (26) 

In this case, it is easier to carry this computation in 
Heisenberg picture 

{n^fa+^fb+■■\^^) = {Q\:SWa+SS^Afb^S:\0), (27) 

where 

blb„ + blbv + e^'f'^blbv + e~'^^blb 



VII. APPENDIX B 

The state |^) expressed in new polarization basis given 
by the modes emerging from polarization analyzers a+, 
a_, and &_ takes the form 



l^)± = — tt; E V^tanh" if|^i"))± 
cosh 

1 (-1)" ^ (-1)^ 



V^r+T 2" ^^m\{n-m)\ 

V m— 



n—m 7n 



il J4=0 J2 J3=0 

x/Ji2!(n- Ji2)!J34!(n- J34)! 

\Ji2)i\n - Jr2)-\J34)t\n - J34),-, (28) 



where C]' = (p , X,y ^ + jy, x,y e {1,2, 3, 4}. 
To compute Eq. we note that 



where 



3,1=0 

00 00 

pi = EEi(^''^'0'^i*)±i'' 

3,1=0 p=i 

CXD 00 

p2 = EEi(0'^'?''^i*)±i'' 

j,l=0 p=l 



(29) 

(30) 

(31) 
(32) 



and using BCH formula e^Be = J2'^=o ^nl^' ^1^"'' where p2 = Pi, due to symmetry of the setup. 
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A. Evaluation of po 



VnTT 2" ^ m\(n- m)\ 



n—m m 

il J4=0 j2 J3=0 

v'Jiz! (n - J12)! J34! (n - J34)! e'™'^" e'^""™)'^" 

^0=Ji2 ^j=n-Ji2 "^0=734 ^;=n-J34- (33) 

We note that the Kronecker deltas impose the following 

conditions ji — 0,^2 — 0,^3 = 0,j4 — 0, j = n,l = n and 
Cq = 1, which simplify the above formula to 



(o,j,o,i|V' 



^ 1 (-1)" V (-^) 



V^T+T 2" ^^m\{n-m)\ 

,imv. gi(n-m)v, ^, ^^.^^ ^^^^ 

(iei(M.)/2 sin(A/2))" 5,-=„ 5;=„, (34) 

vn+ 1 



the formula to 

{p,j,QM^-^)± = {n-p)\n\ 

\Jn + 1 2" 

A- A , \ ^ V ^) „imtfia i(n-m)vb 



TO=0 



m! (n — m)! 



n — m rn 



jl=0 j2=0 



(39) 



1 



cosh^ K 



n=0 



^ tanh" Vp!(n-p)!n! 



m=0 



m! (n — m)! 



n — m m 



jl=0 j2=0 

= TTTT^ tanh' 1 (-1)' v^ljITI 



(40) 



cosh^ K 



EEE 

"»=0 ji=0 j2=0 



ji! (/ - m - ji)! J2! (m - j2)! 



l"p=ii+j2- 



(0,j,0,/|vl/)± = 

cosh K ^ 



^ ftanhi4'ie'(*'»+*"')/2sin(A/2)y 5;. 

(35) 



(41) 



\{0,j,0,m±\ = 



1 



cosh^ K 



{t&nhK sm{A/2)y 61= J 



(36) 



^We change of the order of sums 

I l — rn rn 

E E E /(™'Jl'i2)<5p=ji+j2 = 

m=0 ji=0 i2=0 

I I l-Ji 

= E E E /Kii'i2)<5p=ji+j2 

=0^2=0 rn=i2 



Finally, 



= ^4T; E Ita^^^ sin(A/2)|'^' 
cosh K 



1 



1 



cosh^ K 1 - tanh-" K sin^(A/2) 



B. Evaluation of pi 



(37) 



n—m m 



1 " (_i) 



x/^TTT 2*^ 



TO=0 



m! (n — m)! 



1^ Si S4 '^i2 ^3 l.--^^ 

jl,j4=0 j2,j3=0 

\/^i2! (n - J12)! J34! (n - J34)! e^""^" g'^""™)'^'' 

<5p=Ji2 5j=n-Jl2 ^0=J34. ^l=n-J3i- (38) 

The Kronecker deltas impose the following conditions 
ji +32 = P, ja = 0,j4 = 0,j = n-p,l = n which simplify 



= E E /("^'ii'P-ii) 

Jl=0 m=p-ji 

= E E -^("^ ~ hJi,P- h)- (42) 

ji=Om=p 

One has to remember also that p < I. After the above 
change 

{p,j, 0,im± = — ^ tanh' K i (-1)' Vpiii^! <5i=!-P 



cosh^ K 



J^o^^-^P- ^^y- ) \ ^0 {l-p-m)\m\ 

= \— tanh' K (-1)' e''('^°+'^')/^ 

cosh ii' 

(cos(A/2))^' (isin(A/2))'-'' 



(43) 



Kp,j,o,;|vi>)±| = 

cosh A 
(cos(A/2))P (sin(A/2))'~P 



K— tanh' ii- 



<5j=;-p, (44) 



8 



where we used 

5o (Z-p-m)!m! = (T^^)! " ^^^^ 
Finally, 

oo I 
oo 



1 


cosh^ 


K 


1 




cosh^ 


K 


1 




cosh^ 


K 



1=0 



cosh^ K 



1 -tanh^ii:sin^(A/2) 



(47) 
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